ABSTRACT. In this paper we state some problems on rigidity of powers in terms of complex analysis and number-theoretic abstraction, which has a strong topological background for the rigid Hirzebruch genera and Kosniowski's conjecture of unitary circle actions. However, our statements of these problems are elementary enough and do not require any knowledge of algebraic topology. We shall give the solutions of these problems for some particular cases. As a consequence, we obtain that Kosniowski's conjecture holds in the case of dimension ≤ 10 or equal to 14.
THE POWER-RIGIDITY PROBLEM
In this section we first give some simple notions and propose some problems in terms of complex analysis and number-theoretic abstraction, whose original ideas come from the topological background for the rigid Hirzebruch genera and Kosniowski's conjecture of unitary circle actions, as we will see in Section 3. This can lead us to work on the framework of complex analysis and number-theoretic abstraction, so that we can temporarily forget any topological background. We hope that we can use this way to characterise all unitary closed S 1 -manifolds fixing only isolated points. Then T W x,y (z) is a rational function in z. We call numbers w ij powers or weights. Definition 1.1. We say that a set W of powers is rigid (or T It is easy to prove the following statement. Then W is an (n + 1) × n matrix. We say that this set of powers is quasilinear.
A proof of the following proposition can be found in [20] . Proposition 1.4. Let W is quasilinear. Then W is rigid and
Topologically, the above case actually corresponds to the case of almost complex closed S 1 -manifolds fixing isolated points. Generally, it can be extended to the case for sets of powers with signs, which has a more direct connection with T x,y -genera of unitary circle actions fixing isolated points. Let W = (w ij ) be an m × (n + 1) matrix, where all w ij are nonzero integers and w i,n+1 = ±1. Write ε i = w i,n+1 . Define
where W is called a set of powers with signs.
In a similar way to Definition 1.1, we say that a set W of powers with signs is rigid if T W x,y (z) does not depend on z. In this case we also have
As we shall see, this formula is exactly (3.6), induced by the rigidity of T x,y -genus. 
L-rigidity. Consider the case
Note that, if we change a sign of any power w ij , then this is equivalent to changing the sign of ε i . It is clear that without loss of generality we may assume that all powers w ij , j ≤ n, are positive. So here we may assume that w = (w ij ) is an m × n matrix with all w ij > 0. Let s := {ε 1 , . . . , ε m } be the set of signs. By W = {w, s} we denote the set of weights and signs.
By definition we have that T x,y -rigidity implies L-rigidity. However, the L-rigidity property is still stronger enough.
This implies the equality L W (z) ≡ m (mod 2). In particular, since we have proved that if n is odd, L W (z) = 0, so m is even.
Note that if W is quasilinear and n is even, then it follows from Proposition 1.4 that L W (z) = 1 for even n. In this case m = n + 1. Actually, we know only this example of L-rigid W with L W (z) > 0 and m ≤ n + 1.
1.3. Pairs of powers. In [21] , using L-rigidity and some simple topology, we proved that the set of weights w = (w ij ) of a circle action on a manifold can be divided into pairs (w ij , w kℓ ) such that w ij = w kℓ with i = k for some particular cases (see [21, Theorem 1.1]). Indeed, using only L-rigidity this can be carried out only for some particular cases.
Problem 3.
Let W be an L-rigid. Is it true that the set of powers w = (w ij ) can be divided into pairs (w ij , w kℓ ) such that w ij = w kℓ with i = k?
THE POWER-RIGIDITY PROBLEM FOR SOME CASES
In this section we characterise the rigid sets of powers with signs in some special cases.
2.1. The case n = 1. Theorem 2.1. Let W be L-rigid with n = 1. Then m = 2k is even, and the sets of powers and signs are
Proof. Proposition 1.6 yields that m is even and
We may assume that
has poles at the b m roots of unity, there is an integer l < m such that b l = b m and ε l = −ε m . We can remove these two powers from W and apply the same arguments for W ′ with m − 2 weights.
2.2.
The case m = 2. Consider the following three sets W = {(w ij ) 2×n , s = {ε 1 , ε 2 }} of powers with signs:
(Z) : w 1i = w 2i = a i , where a i ∈ Z, a i = 0, for all i = 1, . . . , n, and positive integer, and ε 1 = ε 2 . The following theorem has been proved in [19] . Note that its proof is included here for a local completeness.
Theorem 2.2. Let W be rigid with
Proof. Without loss of generality we may assume that
It is easy to see that |w 1i | = |w 2i | for all i = 1, . . . , n. Moreover, if W is not Z, then w 1i = −w 2i for all i. Otherwise, T W x,y (z) cannot be a constant. Therefore, T W x,y (z) can be written in the following form:
where k + ℓ = n and all a i and b j are positive integers. So for n = 1 we have that W is L 1 . If n > 1, then k > 0 and ℓ > 0. For y = 0, the equation (2.1) implies
2) Without loss of generality we may assume that a := a 1 ≥ a i for all i and a 1 > b j for all j. (As we mentioned above, we cannot have the equality a 1 = b j .) Let x = −z a and y = 1. Then (2.1) yields
Therefore, from (2.2) we have a 1 + . . . + a k = ka, a 1 = . . . = a k = a, k is odd, and ℓ is even. Then
Equation (2.5) yields k = 1, ℓ = 2 and a = b 1 + b 2 . Thus, it is the case S 3 . 
It is not difficult to see that for the case n = 2 and any m, by similar arguments as above, all W can be classified. However, the case of m = 3 and any even n looks more difficult for which we do not have a ready solution now. Actually, this problem is equivalent to the following: This implies that we obtain many equations for the set of weights and signs (cf. [3] , [5] ).
Kosniowski in [12] posed the following conjecture.
Conjecture 3.1 (Kosniowski). A unitary 2n-dimensional S 1 -manifold that is not a boundary has at least [n/2] + 1 isolated fixed points.
In his seminar paper [12] , Kosniowski showed that the conjecture holds if the number of isolated points is less than three.
Recently some related works have been carried on with respect to this conjecture. For example, Pelayo and Tolman in [23] considered compact symplectic manifolds M 2n with symplectic circle actions fixing isolated points, and showed that if the weights satisfy some subtle condition, then the action has at least n+1 isolated fixed points. In [14] , Ping Li and Kefeng Liu showed that if M On the other hand, for unitary T n -manifolds M of dimension 2n, it was showed in [16] that if M is non-bounding, then there are at least ⌈n/2⌉ + 1 isolated fixed points (see also [15, 17] The following theorem also gives an affirmative answer to Kosniowski conjecture in the case of n ≤ 5 or n = 7. Our proof relies on the fact that T x,y -genus is rigid. We shall introduce this method below. However, it is not clear if Kosniowski's conjecture can be proved using only the rigidity of the T x,y -genus.
Remark 1. It should be pointed out that in the setting of almost complex closed S
1 -manifolds fixing only isolated points, Jang showed in [11] that if an almost complex closed S 1 -manifold M fixes only three isolated points, then dim M must be 4. This implies that Kosniowski conjecture holds in the setting of almost complex closed S 1 -manifolds of dimension ≤ 14 fixing only isolated points.
Rigid Hirzebruch genera.
Let U * be the complex bordism ring with coefficients in R = Q, R, or C. For a closed smooth stably complex manifold M, Hirzebruch [10] defined a multiplicative genus h(M) by a homomorphism h : U * ⊗ R → R.
Recall that according to Milnor and Novikov, two stably complex manifolds are complex cobordant if and only if they have the same Chern numbers (see [18, 22] ). Therefore, for any multiplicative genus h there exists a multiplicative sequence of polynomials {K i (c 1 , . . . , c i )} such that h(M) = K n (c 1 , . . . , c n ) , where the c k are the Chern classes of M and n = dim C (M) (see [10] ).
Let U G * be the ring of complex bordisms of manifolds with actions of a compact Lie group G. Then for any homomorphism h : U * ⊗ R → R can be define an equivariant genus h G , i.e. a homomorphism
A multiplicative genus h is called rigid if for any connected compact group G the equivariant genus h
belongs to the ring of constants. It is well known (see [2, 13] ) that S 1 -rigidity implies G-rigidity, i.e. it is sufficient to prove rigidity only for the case G = S with isolated fixed points p 1 . . . , p m with weights w i1 , . . . , w in , and signs ε i , i = 1, . . . , m, h S 1 can be found explicitly (see [2, 6, 7, 8, 13] ):
where H is the characteristic series of h (see [10, 20] ). If h is rigid, then from (3.2) it follows that
Atiyah and Hirzebruch [2] based on the Atiyah-Singer index theorem proved that Lgenus (signature) is rigid for oriented S 1 -manifolds and T y −genus is rigid for almost complex S 1 -manifolds. Krichever [13] gave a proof of rigidity of the T x,y −genus for almost complex S 1 -manifolds using global analytic properties of S h ({w ij }, u). In [6, 7, 8] this result was extended for unitary S 1 -manifolds. Note that in [20] it was showed that if h is a rigid genus, then it is T x,y −genus. Now it is not hard to see that (3.2) yields the Atiyah-Hirzebruch formula for a unitary S 1 -manifold M: 
Remark 2. It should be pointed out that the formula (3.6) with signs was first proved by Buchstaber-Panov-Ray in the 2010 paper [7] , and a shorter and more conceptual proof was given in [6, Theorem 9.4.8].
3.3. Rigidity of powers and S 1 -actions on manifolds. Equation 3.6 provides the topological background of Section 1. Namely, the set of weights W of an oriented S 1 -manifold is L-rigid and for unitary actions W is T x,y -rigid.
Let M 2n be a compact oriented S 1 -manifold with m isolated fixed points. Then for the set of weights W we have
It is easy to see that Theorem 2.3 yields the following theorem. with weights and signs satisfying (Z) must be a boundary. We can also prove a stronger fact that any unitary S 1 -manifold M 2n with weights and signs satisfying (Z) bounds equivariantly, i.e., it is cobordant to zero in the ring U S 1 * of complex bordisms with circle actions. In fact, using Atiyah-Bott-Berline-Vergne localization formula, we can easily show that all equivariant Chern numbers of any unitary S 1 -manifold M 2n with weights and signs satisfying (Z) vanish, and it then follows from a theorem of Guillemin-Ginzburg-Karshon [9] that M 2n bounds equivariantly. 
